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A self-transverse immersion of a smooth manifold M8k in R16k−4 has a double point
self-intersection set which is the image of an immersion of a smooth four-dimensional
manifold, cobordent to P4, P2 × P2, P4 + P2 × P2 or a boundary. We will prove that for
any value of k > 1 the double point self-intersection set is a boundary. If k = 1, then there
exists an immersion of P2 × P2 × P2 × P2 in R12 with double point manifold boundary
and odd number of triple points. In particular any immersion of oriented manifold in this
dimension has double point manifold cobordant to a boundary.
© 2009 Elsevier B.V. All rights reserved.
1. Introduction
Let f : Mn−k Rn be a self-transverse immersion of a compact smooth (n − k)-dimensional manifold in n-dimensional
Euclidean space (0 < k  n). A point of Rn is an r-fold self-intersection point of the immersion if it is the image under f of
r distinct points of the manifold. The self-transversality of f implies that the set of r-fold self-intersection points (the r-fold
self-intersection set) is itself the image of an immersion
θr( f ) : Δr( f )Rn
of compact manifold Δr( f ), the r-fold self-intersection manifold, of dimension n − rk. Although in general this immersion
will not be self-transverse, but since the self-transversal immersions are dense in immersions, so we may suppose it is
self-transversal.
Question. Given n and k what can be said about r-fold self-intersection manifold? The simplest case is when n = rk so
that the self-intersection manifold is a ﬁnite set of points and a great deal of work have been done in this case, for
example see [4,8,9,7,11]. The cases of higher dimensional self-intersection manifolds have been considered in [18,3]. In [2]
we described a general method for this problem. In this paper we consider the problem when the double point manifold is
four-dimensional. Our main results are the following.
Theorem 1.1. Let n ≡ 0 mod (8). Let f : Mn  R2n−4 be any immersion of n-dimensional compact smooth manifold to (2n − 4)-
dimensional Euclidean space. Then if n > 8 the double point manifolds of these immersions are a boundary.
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number of triple points.
The paper is organized as follows: in Section 2 we will describe brieﬂy how to calculate the double point manifold of
an immersion Mn−k Rn . In Section 3 we will determine the primitive A-annihilated sub-module of certain homological
group. In Section 4 we will investigate the spherical elements corresponding to the immersions M8k  R16k−4. Finally in
Section 5 we will look the problem when n = 8.
2. Stiefel–Whitney numbers of double points
Let Imm(n − k,k) denote the group of bordism classes of immersions Mn−k Rn of compact smooth manifolds in Eu-
clidean n-space. By general position every immersion is regularly homotopic and so bordant to a self-transverse immersion
and so each element of Imm(n−k,k) can be represented by a self-transverse immersion. In the same way bordism between
self-transverse immersion can be taken to be self-transverse; it is clear that such a bordism will induce a bordism of the
immersions of the double point self-intersection map
θ2 : Imm(n − k,k) → Imm(n − 2k,2k).
Let MO (k) denote the Thom complex of the universal O (k)-bundle γ k : EO (k) → BO (k). Using the Pontrjagin–Thom con-
struction, Wells in [21] describes an isomorphism
φ : Imm(n − k,k) ∼= π Sn MO (k).
But the stable homotopy group π Sn MO (k) can be viewed as homotopy group. For let Q X be the direct limit Ω
∞Σ∞X =
limΩnΣn X , where Σ denotes the reduced suspension functor and Ω denotes the loop space functor. By the adjointness of
the functors Σ and Ω , we have π Sn MO (k) ∼= πnQ MO (k).
Now consider the Z2-homology Hurewicz homomorphism
h : π Sn MO (k) ∼= πnQ MO (k) −→ HnQ MO (k) = Hn
(
Q MO (k);Z2
)
.
In [2] we describe how, for a self-transverse immersion f : Mn−kRn corresponding to α ∈ π Sn MO (k), the Hurewicz image
h(α) ∈ HnQ MO (k) determines the normal Stiefel–Whitney numbers of the self-intersection manifold Δr( f ). In the case of
double point self-intersection manifold we may outline it as follows:
The quadratic construction on a pointed space X is deﬁned to be
D2X = X ∧ X Z2 S∞ = X ∧ X ×Z/2 S∞/∗ ×Z2 S∞,
where the non-trivial element of the group Z2 acts on X ∧ X by permuting the coordinates and on the inﬁnite sphere S∞
by the antipodal action. There is a natural map
h2 : Q X → Q D2X
known as a stable James–Hopf map which induces stable Hopf invariant
h2∗ : π Sn X → π Sn D2X
(see [5] and [15]).
If the self-transverse immersion f : Mn−k  Rn corresponds to the element α ∈ π Sn MO (k), then the immersion of the
double point self-intersection manifold θ2( f ) : Δ2( f ) Rn corresponds to the element h2∗(α) ∈ π Sn D2MO (k) given by the
stable Hopf invariant (see [10,16,17,20]).
The immersion θ2( f ) corresponds to an element in the stable homotopy of D2MO (k) because the immersion of the dou-
ble point self-intersection manifold automatically acquires additional structure on its normal bundle, namely at each point
f (x1) = f (x2) the normal 2k-dimensional space is decomposed as the direct sum of the two (unordered) k-dimensional
normal spaces of f at the points x1 and x2. The universal bundle for this structure is
γ k × γ k ×Z/2 1 : EO (k) × EO (k) ×Z/2 S∞ → BO (k) × BO (k) ×Z/2 S∞
which has the Thom complex D2MO (k).
Forgetting this additional structure on the immersion corresponds to applying the map
ξ∗ : π Sn D2MO (k) → π Sn MO (2k)
induced by the map of Thom complexes ξ : D2MO (k) → MO (2k) which comes from the map BO (k) × BO (k) ×Z/2 S∞ →
BO (2k) classifying the bundle γ k × γ k ×Z/2 1. Thus the top rectangle of Diagram (1) commutes. Turning now to homology,
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θ2
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hS
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h2∗ Hn+kD2MO (k)
ξ∗
Hn+kMO (2k)
Diagram (1).
observe that, by adjointness, the stable James–Hopf map h2 : Q X → Q D2X gives a stable map Σ∞Q X → Σ∞D2X inducing
a map in homology HnQ X → HnD2X . This gives the commutative diagram (Diagram (1)).
In this diagram φ is the Wells isomorphism and hS is the stable Hurewicz homomorphism deﬁned by using the fact that
Hurewicz homomorphisms commute with suspension. The ﬁrst square on the bottom commutes by the deﬁnition of the
stable Hurewicz map and by naturality, and second square commutes by naturality.
Notice that the normal Stiefel–Whitney numbers (and so bordism class) of the double point self-intersection mani-
fold Δ2( f ) of an immersion f : Mn−k  Rn corresponding to α ∈ π Sn MO (k) are determined by (and determine) the
Hurewicz image hS(β) of the element β = ξ∗h2∗(α) ∈ π Sn MO (2k) corresponding to the immersion θ2( f ). On the other hand
from the bottom row it is equal to ξ∗(h2∗(h(α))). To determine this element for a given immersion we recall the structure
of H∗MO (k).
Homology of MO (k) and Q MO (k). Let ei ∈ Hi BO (1) ∼= Z2 be the non-zero element (for i  0). For each sequence I =
(i1, i2, . . . , ik) of non-negative integers we deﬁne
eI = ei1ei2 · · · eik = (μk)∗(ei1 ⊗ ei2 ⊗ · · · ⊗ eik ) ∈ H∗BO (k)
where μk : BO (1)k → BO (k) is the map which classiﬁes the product of the universal line bundles. The dimension of eI is
|I| = i1 + i2 + · · · + ik .
From the deﬁnition of μk , ei1ei2 · · · eik = eσ(1)eσ(2) · · · eσ(k) for each σ ∈ Σk , where Σk denotes the permutation group
on k elements. Thus each such element can be written as ei1ei2 · · · eik where i1  i2  · · ·  ik and it follows by counting
argument that
{ei1ei2 · · · eik | 0 i1  i2  · · · ik}
is a basis for H∗BO (k).
The sphere bundle of the universal O (k)-bundle γ k is given up to homotopy by the inclusion BO (k − 1) → BO (k) and
so the Thom complex MO (k) is homotopy equivalent to the quotient space BO (k)/BO (k − 1). It follows that
{ei1ei2 · · · eik | 1 i1  i2  · · · ik}
is a basis for H˜∗MO (k).
Dyer and Lashof (see [6] or [12]) make use of the Kudo–Araki operations Q i : HmQ X → Hm+i Q X to describe the ho-
mology of Q X . These operations are trivial for i <m and equal to the Pontrjagin square for i =m. If I denotes the sequence
(i1, i2, . . . , ir) then we write Q I x = Q i1 Q i2 · · · Q ir x. The sequence I is admissible if i j  i j+1 for 1  j < r and its excess
is given by e(I) = i1 − i2 − · · · − ir . With this notation we can give the description of H∗Q X as a polynomial algebra: if
{xλ | λ ∈ Λ} is homogeneous basis for H˜∗X ⊆ H∗Q X where X is path-connected space then
H∗Q X = Z2
[
Q Ixλ
∣∣ λ ∈ Λ, I admissible of excess e(I) > dim xλ].
We may deﬁne a height function ht on the monomial generators of H∗Q X by ht(xλ) = 1, ht(Q iu) = 2ht(u) and ht(u · v) =
ht(u) + ht(v) (where u · v represents the Pontrjagin product).
Now we turn to our special problem. By Diagram (1) the double point self-intersection manifold of an immersion
MnR2n−4 may be identiﬁed up to bordism by using the stable Hurewicz homomorphism
hS : π S2n−4MO (2n− 8) → H2n−4MO (2n − 8).
To determine these note that from the above, H2n−4MO (2n − 8) has a basis{
e2n−121 e
4
2, e
2n−11
1 e
2
2e3, e
2n−10
1 e2e4, e
2n−10
1 e
2
3, e
2n−9
1 e5
}
.
On the other hand, recall that H∗BO (k) ∼= Z2[w1,w2, . . . ,wk], where wi ∈ Hi BO (k) is the i-th universal Stiefel–
Whitney class (see [13, Theorem 7.1]). Since MO (k) is homotopy equivalent to BO (k)/BO (k − 1), therefore H˜∗MO (k) ∼=
wkZ2[w1,w2, . . . ,wk]. So H2n−4MO (2n − 8) has a basis{
w2n−8w4,w2n−8w2w2,w2n−8w2,w2n−8w1w3,w2n−8w4
}
.1 1 2
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{(
w2n−8w41
)∗
,
(
w2n−8w21w2
)∗
,
(
w2n−8w22
)∗
, (w2n−8w1w3)∗, (w2n−8w4)∗
}
.
By using Theorem 3.4 of [2] we can show that
(
w2n−8w41
)∗ = e2n−91 e5, (w2n−8w21w2)∗ = e2n−101 e2e4,(
w2n−8w22
)∗ = e2n−101 e23, (w2n−8w1w3)∗ = e2n−111 e22e3 + e2n−121 e2e4,
(w2n−8w4)∗ = e2n−111 e22e3 + e2n−121 e2e4 + e2n−121 e42.
Lemma 2.1 (P.J. Eccles). Suppose that the immersion Mn  Rn+k corresponds to the element α ∈ π Sn+kMO (k). Then the normal
Stiefel–Whitney number w¯ I [M] is given by the coeﬃcient of (wI wk)∗ when the image of α under the stable Hurewicz map hS(α) ∈
Hn+k(MO (k)) is written in terms of standard basis.
Proof. For a proof see [7] or [1]. 
Now by using Theorem 2.4 of [2] and 2.1 and the normal Stiefel–Whitney numbers of P2 × P2 and P4 which are given
in the following table
. P2 × P2 P4 P2 × P2 + P4
w¯41 0 1 1
w¯21 w¯2 0 1 1
w¯22 1 1 0
w¯1 w¯3 0 1 1
w¯4 0 0 0
where w¯ = 1+ w¯1 + w¯2 + · · · denotes the total normal Stiefel–Whitney classes, we have the following theorem.
Theorem 2.2. Suppose that f : MnR2n−4 is a self-transverse immersion corresponding to α ∈ π S2n−4MO (n − 4). Then the double
point self-intersection manifold Δ2( f ) is cobordant to:
(1) P2 × P2 if and only if ξ∗h2∗h(α) = e2n−101 e23 .
(2) P4 if and only if ξ∗h2∗h(α) = e2n−91 e5 + e2n−101 e23 + e2n−111 e22e3.
(3) P2 × P2 + P4 if and only if ξ∗h2∗h(α) = e2n−91 e5 + e2n−121 e22e3 .
(4) It is a boundary if and only if ξ∗h2∗h(α) = 0.
Remark. To determine ξ∗h2∗h(α) in Diagram (1) and so the cobordism class of the manifold Δ2( f ) from Theorem 2.2, we
need the following lemma which is the special case of Lemma 2.3 in [2].
Lemma 2.3. The homomorphism h2∗ : H˜∗Q X → H˜∗D2X is given by projection onto the monomial generators of height 2. The kernel
is spanned by the set of height other than 2.
Corollary 2.4. A basis for H2n−4D2MO (n − 4) is given by the following elements.
en−41 · en−81 e42, en−41 · en−71 e22e3, en−41 · en−61 e23, en−41 · en−61 e2e4,
en−41 · en−51 e5, en−51 e2 · en−71 e32, en−51 e2 · en−61 e2e3, en−51 e2 · en−51 e4,
en−61 e
2
2 · en−51 e3, en−61 e22 · en−61 e22, en−51 e3 · en−51 e3, Q nen−41 , Q n−1en−51 e2.
Now we should determine the spherical classes in H2n−4Q MO (n − 4), i.e. the classes in the image of
h : π2n−4Q MO (n − 4) → H2n−4Q MO (n − 4), and then the image of ξ∗ ◦ h2∗ (see Diagram (1)). The question of which
classes are spherical is still open and quite complicated; however, at times it suﬃces to understand not which classes
are spherical, but simply which classes are A-annihilated primitives. We now explain. First observe that the following
well-known properties of spherical classes are immediate from H∗Sn by naturality.
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(1) If a homology class u ∈ HnX is spherical then it is primitive with respect to the cup co-product, that is
ψ(u) = u ⊗ 1+ 1⊗ u,
where ψ : HnX → Hn(X × X) ∼=⊕i Hi X ⊗ Hn−i X is the map induced by the diagonal map.
(2) If a homology class u ∈ HnX is spherical (or stably spherical, i.e. in the image of hS :π Sn X → HnX ) then it is annihilated by the
reduced Steenrod algebra, i.e.
Sqi∗(u) = 0
for all i > 0, where Sqi∗ : HnX → Hn−i X is the vector space dual of the usual Steenrod square cohomology operation
Sqi : Hn−i X → HnX.
Note that if Sqi∗u = 0 for all i > 0 in the sense of Lemma 2.5, we say that u is A-annihilated.
Remark. Since the dimension of r-fold point manifolds is given by l = n − (n − 4)(r − 1) < 0 for r  3 and k > 1. So the
r-fold intersection manifold of any immersion Mn  R2n−4 is empty for all r  3. For k = 1 the triple point manifold is
zero-dimensional, we will look separately for this case. Furthermore, for k > 1 we have
H2n−4Q MO (n− 4) = H2n−4MO (n − 4) ⊕ H2n−4D2MO (n − 4).
The homology group H2n−4MO (n − 4) is generated by
ei1ei2 · · · ein−4
where 1 i1  i2  · · · in−4 and i1 + i2 + · · · + in−4 = 2n− 4 and the homology group H2n−4D2MO (n− 4) is described in
Corollary 2.4. So for k > 1 the homology group H2n−4Q MO (n − 4) is completely determined.
3. Primitive andA-annihilated elements
In order to ﬁnd the spherical elements of H2n−4Q MO (n − 4) that involve the height two elements we use Lemma 2.5
to ﬁnd the primitive A-annihilated sub-module of H2n−4Q MO (n − 4). From now on let ψ denote the cup co-product. We
start with the following lemma.
Lemma 3.1. If x and y are distinct primitives in H∗MO (k), then x · y is not primitive in H∗D2MO (k).
Proof. Since x and y are primitive, then
ψ(x · y) = ψ(x) · ψ(y)
= (x⊗ 1+ 1⊗ x) · (y ⊗ 1+ 1⊗ y)
= x · y ⊗ 1+ x⊗ y + y ⊗ x+ 1⊗ x · y.
Since x and y are distinct, then by deﬁnition x · y is not primitive. 
Lemma 3.2. The element ei1ei2 · · · eik , i1  i2  · · · ik is primitive in H∗MO (k) if and only if i1 = 1.
Proof. See [1]. 
Remember the diagonal Cartan formula is
ψ
(
Q sa
)= ∑
i+ j=s
Q ia′ ⊗ Q ja′′,
where a ∈ H∗X and ψ(a) =∑a′ ⊗ a′′ (see [12, Theorem 1.1]).
Lemma 3.3. If a ∈ H∗(X) is primitive, then Q na is primitive in H∗(Q X).
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ψ
(
Q na
)= ∑
i+ j=n
(
Q ia ⊗ Q j1+ Q i1⊗ Q ja).
Since Q m1 = 0 for all m > 0 and Q 01 = 1, then
ψ
(
Q na
)= Q na ⊗ 1+ 1⊗ Q na. 
Corollary 3.4. The following height two basis elements are primitive in H2n−4Q MO (n − 4).
en−61 e
2
2 · en−61 e22, en−51 e3 · en−51 e3, Q nen−41 , Q n−1en−51 e2.
Proof. Since by Lemma 3.2 en−61 e22, e
n−5
1 e3, e
n−4
1 and e
n−5
1 e2 are primitive, then by Lemma 3.3 the above elements are
primitive. Note that Q n−2en−61 e22 = en−61 e22 · en−61 e22 and Q n−2en−51 e3 = en−51 e3 · en−51 e3. 
By Lemma 3.2 the following elements of H2n−4MO (n−4) are not primitive and all other elements are primitive because
they involve e1:
en−82 e
4
3, e
n−7
2 e
2
3e4, e
n−6
2 e
2
4, e
n−6
2 e3e5, e
n−5
2 e6.
The above elements and Lemma 3.1 completely determine the non-primitive Dyer–Lashof basis elements of
H2n−4Q MO (n − 4) which are the following:
en−41 · en−81 e42, en−41 · en−71 e22e3, en−41 · en−6e23, en−41 · en−62 e2e4,
en−41 · en−51 e5, en−51 e2 · en−71 e32, en−51 e2 · en−61 e2e3, en−51 e2 · en−51 e4,
en−61 e
2
2 · en−51 e3, en−82 e43, en−72 e23e4, en−62 e24, en−62 e3e5, en−52 e6.
An easy calculation gives the following. It is useful in determining which linear combinations of these elements are primi-
tive.
Lemma 3.5. The homology class en2 ∈ H2nMO (n) is not primitive, for n 1. Moreover,
ψ
(
en2
)= en2 ⊗ 1+ en1 ⊗ en1 + 1⊗ en2.
In order to ﬁnd which linear combination of non-primitive elements are primitive we should determine the action of ψ
on these elements. But it is too long and straightforward, so we will omit them. However, the calculation shows that the
following combinations are primitive.
A = en−41 · en−81 e42 + en−82 e43,
B = en−41 · en−71 e22e3 + en−51 e2 · en−71 e32 + en−61 e22 · en−51 e3 + en−72 e23e4,
C = en−41 · en−61 e2e4 + en−51 e2 · en−61 e2e3 + en−61 e22 · en−51 e3 + en−51 e2 · en−51 e4 + en−62 e3e5.
We sum up this section in the following theorem.
Theorem 3.6. For n > 8, the primitive sub-module P H2n−4Q MO (n − 4) is spanned by the following elements together with the
height one primitive elements:
en−61 e
2
2 · en−61 e22, en−51 e3 · en−51 e3, Q nen−41 , Q n−1en−51 e2, A, B, C .
Now we are going to check which primitive elements of H2n−4Q MO (n− 4) is A-annihilated. Let x denote the generator
of H1BO (1), then xi is the generator of Hi BO (1) dual to ei . Since x j ∪ xi− j = xi , where ∪ denotes the cup product. By
induction on j and the Cartan formula we can show that
Sqi
(
x j
)=
(
j
i
)
xi+ j
from which we conclude that
Sqi∗e j =
(
j − i)
e j−i .
i
2458 M.A. Asadi-Golmankhaneh / Topology and its Applications 156 (2009) 2452–2461Note that the Nishida relation is given by the following formula
Sqi∗Q j(a) =
∑
2ki
(
j − i
i − 2k
)
Q j−i+k
(
Sqk∗(a)
)
which is useful in our calculations. Let u ∈ H2n−4Q MO (n − 4). Since mod 2 Steenrod algebra is generated by
{
Sq2
i
: i = 0,1,2, . . .},
then u is A-annihilated if and only if Sq2i∗ u = 0 for all i = 0,1, . . . . But we are working in H2n−4Q MO (n − 4) so for
dimensional reason Sq2
i
∗ u = 0 for all i  3, therefore u ∈ H2n−4Q MO (n − 4) is A-annihilated if and only if Sq2i u = 0 for
i = 0,1,2. To determine the primitive A-annihilated elements of H2n−4Q MO (n − 4) that involve height two elements we
consider the following lemmas. From now on we suppose that n ≡ 0 mod (8).
Lemma 3.7. Let n ≡ 0 mod (8). The action of Sq1∗ on the elements of Lemma 3.6 is given by
Sq1∗en−61 e
2
2 · en−61 e22 = 0,
Sq1∗en−51 e3 · en−51 e3 = 0,
Sq1∗Q nen−41 = Q n−1en−41 ,
Sq1∗Q n−1en−51 e2 = 0,
Sq1∗A = 0,
Sq1∗B = en−51 e2 · en−61 e22 + en−41 · en−71 e32 + en−72 e33 + e1en−82 e23e4,
Sq1∗C = 0.
Proof. It follows from Nishida relation and fact that Sqi∗e j =
( j−i
i
)
e j−i . The calculation is long and straightforward so we
omit them. 
From the above lemma not only the elements Q nen−41 , B are not A-annihilated but also their linear combination is also
not A-annihilated. Therefore we look at the remaining elements.
Lemma 3.8. Let n ≡ 0 mod (8). The action of Sq2∗ on the remaining elements is given by
Sq2∗en−61 e
2
2 · en−61 e22 = 0,
Sq2∗en−51 e3 · en−51 e3 = 0,
Sq2∗Q n−1en−51 e2 = Q n−2en−41 ,
Sq2∗A = 0,
Sq2∗C = en−51 e2 · en−51 e2 + en−41 · en−61 e22 + en−41 · en−51 e3 + en−62 e23 + e21en−82 e3e5.
Proof. The proof is similar to Lemma 3.7. 
Lemma 3.8 says that Q n−1en−51 e2, C and their linear combination are not also A-annihilated so we look at the remaining
elements.
Lemma 3.9. Let n ≡ 0 mod (8). The action of Sq4∗ on the remaining elements is given by
Sq4∗en−61 e
2
2 · en−61 e22 = en−41 · en−41 ,
Sq4∗en−51 e3 · en−51 e3 = 0,
Sq4∗A = en−41 · en−41 .
Proof. The proof is similar to Lemma 3.7. 
By considering to the description of A and Lemmas 3.7, 3.8 and 3.9 we have the following theorem.
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elements.
en−51 e3 · en−51 e3, en−61 e22 · en−61 e22 + en−41 · en−81 e42 + en−82 e43 + δ, δ
where δ denotes a primitive height one element.
In the next section we are going to see which of them could be spherical.
4. Spherical elements
Lemma 4.1. Let n = 2m. Then the element en−51 e3 · en−51 e3 is primitiveA-annihilated but it is not spherical.
Proof. By Theorem 3.10 it is primitive A-annihilated. Suppose it is spherical. Since en−51 e3 ·en−51 e3 = (wn−4w21)∗ ·(wn−4w21)∗ ,
then by Proposition 5.8 of [2] h(α) = en−51 e3 · en−51 e3 if and only if Sqn−1wn−4w21 = 0 in H2n−3Cα , where Cα is the mapping
cone of stable map of α. But since n = 2m we have
Sqn−1wn−4w21 = Sq2m−1w2m−4w21
= Sq1Sq2m−2w2m−4w21 (Adem)
= Sq1w22m−4w41 (dimension)
= Sq1Sq1w22m−4w31
= 0 (Adem).
This is a contradiction. So it is not spherical. 
Although by Lemma 4.1 the element en−51 e3 · en−51 e3 is not spherical it may still be possible for an element en−51 e3 ·
en−51 e3 + δ to be spherical, where δ is height one element.
Lemma 4.2. If Mn embeds in R2n−4 up to cobordism, then the double point manifold of any immersion of Mn in R2n−4 is a boundary.
Proof. Let α1 represent the embedding of Mn in R2n−4 and α2 represent any immersion of Mn , up to cobordism. Since by
Lemma 2.1 hS(α1) = hS(α2), then
h(α2 − α1) = λ1en−51 e3 · en−51 e3 + λ2
(
en−61 e
2
2 · en−61 e22 + en−41 · en−81 e42
)
.
If λ1 = 1 and λ2 = 0, then en−51 e3 · en−51 e3 is spherical. This is a contradiction to Lemma 4.1. If λ1 = 0 and λ2 = 1, then
en−61 e22 · en−61 e22 + en−41 · en−81 e42 is spherical. This is a contradiction because it is not primitive. If λ1 = 1 and λ2 = 1, this also
gives a contradiction. Hence λ1 = 0 and λ2 = 0. This means that h(α1) = h(α2). Hence p2h(α2) = 0. Then the double point
manifold is a boundary. 
Corollary 4.3. Let Mn be a boundary, then the double point manifold of any immersion of Mn is a boundary.
Proof. Since Sn embeds in R2n−4, then any boundary embeds up to cobordism. So by Lemma 4.2 the result follows. 
Remark. The situation for embedded manifolds is completely clear by Lemma 4.2. So we will look for the manifolds Mn
which immerse in R2n−4 but do not embed in R2n−4 up to cobordism.
Let a(n) denote the number of one’s in binary expansion of n.
Theorem 4.4. Any manifold of dimension n is cobordant to a manifold that immerses in R2n−a(n) and embeds in R2n−a(n)+1 .
Proof. See [14, Theorem 5.1]. 
Let a(n) > 4. Then by Theorem 4.4 any manifold Mn embeds in R2n−4 up to cobordism. Hence by Lemma 4.2 the double
point manifold of any immersion of Mn in R2n−4 is a boundary. Therefore it is enough to investigate the problem when
a(n) 4. Remember that the cobordism ring MO ∗ is a polynomial ring with Z2 coeﬃcients
MO ∗ = Z2
[
xi: i = 2m − 1
]
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by Dold manifolds. Thus a monomial basis element of MOn is represented by a product of the form
Mk1 × Mk2 × · · · × Mkp , p  1, (∗)
where ki is the dimension of the manifold Mi such that k1 + k2 + · · · + kp = n. If in the above product p  5, then the
manifold embeds in R2n−4 up to cobordism. This follows by Theorem 4.4 and Lemma 2.1 [14]. Therefore we may suppose
that p  4. We need the following theorem from E. Thomas.
Theorem 4.5. For n ≡ (0,1,2,3,4,5) mod (8), if a(n) > (1,3,3,3,2,3), respectively, then Pn embeds in R2n−6 .
Proof. See [19]. 
Lemma 4.6. Let n ≡ 0 mod (8). Then the element
en−61 e
2
2 · en−61 e22 + en−41 · en−81 e42 + en−82 e43 + δ
is spherical but the double point manifold is cobordant to a boundary.
Proof. Consider the manifold Mn = P2r1 × P2r2 × P2r3 × P2r4 . It is not diﬃcult to see that this manifold immerses in R2n−4
but does not embed. Let ai ∈ H1(P2ri ;Z2) denote the generator and α denote the representation of this immersion in
π2n−4Q MO (n − 4). Then the normal Stiefel–Whitney classes of Mn is given by
w¯
(
Mn
)= (1+ a1)2r1−1 ⊗ (1+ a2)2r2−1 ⊗ (1+ a3)2r3−1 ⊗ (1+ a4)2r4−1.
Therefore w¯n−4 = a2r1−11 ⊗a2
r2−1
2 ⊗a2
r3−1
3 ⊗a2
r4−1
4 and w¯4 = a1 ⊗a2 ⊗a3 ⊗a4. Since the element wn−4w4 is dual to en−82 e43,
according to Lemma 2.1 the Hurewicz image h(α) of this immersion involves the element en−82 e43 (i.e. the coeﬃcient
of en−82 e43 is non-zero). Note that the calculation shows that w¯n−4 w¯21 = 0 so the h(α) does not involve the element
en−51 e3 · en−51 e3. As a result necessarily we have
h(α) = en−61 e22 · en−61 e22 + en−41 · en−81 e42 + en−82 e43 + δ.
Now we see that ξ∗h2∗h(α) = 0. Therefore although this element is spherical but the double point manifold is a boundary. 
Remark. From now on we will look after manifolds with the property that w¯n−4 = 0 and w¯1 = 0 and as well as
w¯n−4 w¯21 = 0. In this case the Hurewicz image of such manifolds may contain the element en−51 e3 · en−51 e3, if so the double
point manifold will be cobordant to P2 × P2. Since the class w¯1 = w1 is orientation class, as a result we have the following
corollary.
Corollary 4.7. Let n ≡ 0 mod (8). Let f : MnR2n−4 be any immersion of oriented manifold. Then the double point manifold of this
immersion is a boundary.
Remark. We know that the odd dimensional Dold manifolds are oriented up to cobordism so the manifold we are looking
for, cannot be a Dold or product of Dold manifolds. If the manifold is even product of projective spaces with same dimension
it is oriented, so we may look after the manifolds which is even dimensional projective space or product of such spaces
with different dimensions.
Lemma 4.8. Let n ≡ 0 mod (8). The Pn cannot immerse with non-trivial double point manifold.
Proof. If a(n) = 1 then the manifold Pn according to Whitney’s theorem does not immerse in R2n−4. If a(n) > 1 then
by Theorem 2.2 Pn embeds in R2n−6 so it embeds in R2n−4. Therefore by Lemma 4.2 the double point manifold is a
boundary. 
Lemma 4.9. Let n ≡ 0 mod (8). Let Mn = Pn1 × Pn2 , where n1 + n2 = n and n1 , n2 are even. Then if Mn immerses in R2n−4 , the
Hurewicz image of this immersion does not involve the element en−51 e3 · en−51 e3 .
Proof. Let s1 and s2 be the minimal integers such that 2s1 − n1 − 1 > 0, 2s2 − n2 − 1 > 0. If the conclusion of theorem does
not hold we should have 2s1 −n1 −1+2s2 −n2 −1 = n−4, from which we have 2s1−1 +2s2−1 = n−1. But since n = 8k+8,
the right-hand side is an odd number so the left-hand side must be an odd number. As a result s1 = 1 and 2s2−2 = 4k + 3.
This is a contradiction. 
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immerses in R2n−4 , then the Hurewicz image of this immersion does not involve the element en−51 e3 · en−51 e3 .
Proof. The proof is similar to Lemma 4.9. 
Lemma 4.11. Let n ≡ 0 mod (8). Let Mn = Pn1 × Pn2 × Pn3 × Pn4 . If a(ni) > 1 for some i, then the manifold embeds in R2n−4 . If
a(ni) = 1 for every i, the manifold immerses in R2n−4 but the double point manifold is cobordant to a boundary.
Proof. It is clear that if a(ni) > 1 for some i then the manifold embeds and so the double point manifold is a boundary. If
a(ni) = 1 for all i then the manifold immerses and with a similar proof to Lemma 4.6 the cobordism class of double point
manifold is cobordant to a boundary. 
This proves Theorem 1.1.
5. The case n= 8
Although this case is investigated by P.J. Eccles in [7] by a slightly different method, but here we give a short proof. By
a long calculation we have the following corollary.
Corollary 5.1. The primitiveA-annihilated sub-module of H12Q MO (4) is generated by the following elements.
e21e3e7, e
3
1e3 · e31e3, e41 · e41 · e41 + e41 · e42 + e21e22 · e21e22 + e43.
The cobordism group of eight-dimensional manifolds is generated by boundaries together the following
P8, P2 × P6, P4 × P4, P2 × P2 × P4, P2 × P2 × P2 × P2.
From which the manifold P8 according to Whitney’s theorem does not immerse in R12. The manifold P2 × P6 embeds
in R12, because P2 embeds in R4 and P6 embeds in R8, so the product embeds in R12. Therefore by Theorem 4.2 the
double and triple points manifolds are boundaries. The manifold P4 × P4 does not immerse because the calculation shows
that w6[P4 × P4] = 0, therefore it does not immerse in R12. Similarly the manifold P2 × P2 × P4 does not immerse, since
w5 = 0. Finally the manifold P2 × P2 × P2 × P2 immerses in R12. Let α represent the immersion of P2 × P2 × P2 × P2,
calculation shows that hS(α) = e43. Therefore according to Corollary 5.1
h(α) = e41 · e41 · e41 + e41 · e42 + e21e22 · e21e22 + e43.
Now since ξ∗(P2h(α)) = 0 the double point manifold is a boundary. And since ξ∗(P2h(α)) = e121 , the triple point of this
immersion is odd number. This proves Theorem 1.2.
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